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ESNAULT-LEVINE-WITTENBERG INDICES
JA´NOS KOLLA´R
These are notes of a lecture about the papers [ELW12, Wit13] and related results
of [Mer00, Ros01, CTM04, Zai10, Hau13]. The papers do not define Esnault-Levine-
Wittenberg indices, they focus on the two extreme cases elw0(X) (traditionally
called the index) and elwdimX(X). In retrospect, the method of [CTM04, Sec.5] is
equivalent to the computation of elw1 for Del Pezzo surfaces.
The basic properties are at least implicitly in the above papers, with the possible
exception of the birational invariance (9) and the degree formula (11). However,
the definition and systematic use of the ELW-indices streamlines several of the
arguments.
It is interesting that the proof of the birational invariance does not rely on
resolution. Instead, it uses what I call the Nishimura–Szabo´ lemmas (17–18).
Acknowledgments. H. Esnault, M. Levine and O. Wittenberg answered many
of my questions and suggested several improvements. I tried to keep track and at-
tribute specific comments whenever possible. Partial financial support was provided
by the NSF under grant number DMS-0968337.
1. Definition and basic properties
Definition 1. Let X be a proper scheme defined over a field k. For 0 ≤ i ≤ dimX
the Esnault-Levine-Wittenberg index elwi(X) is defined as
elwi(X) :=
(
χ(X,F ) : dimF ≤ i
)
⊂ Z, (1.1)
where F runs through all coherent sheaves of dimension dimF := dimSuppF ≤ i
over X . I will think of elwi(X) as an ideal in Z; it can be identified with its positive
generator. It is convenient to set elw(−1)(X) = (0) and elw(X) := elwdimX(X). It
is clear that
elw0(X) ⊂ elw1(X) ⊂ · · · ⊂ elwdimX(X). (1.2)
If X has a k-point p ∈ X(k) then χ
(
X, k(p)
)
= 1, hence elw0(X) = elw1(X) =
· · · = elwdimX(X) = Z. Thus these notions are interesting only if X does not have
(or is not known to have) a k-point.
Usually ind(X) := elw0(X) is called the index of X . Its generator is the smallest
positive degree of a (not necessarily effective) 0-cycle on X .
We see in (4.1) that if X is integral then
elw(X) =
(
elwdimX−1(X), χ(X,OX)
)
. (1.3)
This implies that if ℓ is a prime such that ordℓ elw(X) < ordℓ elwdimX−1(X) then
ordℓ elw(X) = ordℓ χ(X,OX). (1.4)
This is why the results of [ELW12] involving χ(X,OX) are equivalent to statements
about elw(X).
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Remark 2. The above definition makes sense for a proper scheme X defined over a
local Artin ring A. As a consequence of (4.1) we see that elwi(X) = elwi(redX) and
redX can be viewed as a scheme over the residue field of A. Once the basic results
are established over Artin rings, we concentrate on schemes over fields afterwards.
The following is useful in computations.
Lemma 3. Let X be a proper scheme over a local Artin ring A and F a coherent
sheaf on X. Let Zi ⊂ SuppF be the maximal dimensional irreducible components
with generic points ηi. Then
χ(X,F )−
∑
i lengthηi F · χ
(
Zi,OZi
)
∈ elwdimF−1(X). (3.1)
Proof. The K-group of coherent sheaves of dimension ≤ r is generated by the
OZ where Z runs through all closed, integral subschemes of dimension ≤ r. On
this group
F 7→ χ(X,F )−
∑
i lengthηi(F ) · χ
(
Zi,OZi
)
∈ Z/ elwr−1(X)
is linear. Thus it is enough to check that it vanishes on the generators. If dimZ = r
then ∑
i lengthηi(OZ) · χ
(
Zi,OZi
)
= χ(X,OZ).
If dimZ < r then
∑
i lengthηi(F ) · χ
(
Zi,OZi
)
= 0 and χ(X,F ) ∈ elwr−1(X). 
Proposition 4 (De´vissage). Let X be a proper scheme defined over a local Artin
ring A. The ELW-indices can also be computed the following ways.
(1) elwi(X) =
(
χ(Z,OZ)
)
where Z runs through all integral subvarieties of
dimension ≤ i.
(2) elwi(X) =
(
χ(Z¯,OZ¯)
)
where Z runs through all integral subvarieties of
dimension ≤ i and Z¯ → Z denotes the normalization.
(3) elwi(X) =
(
χ(Z ′,OZ′)
)
where Z runs through all integral subvarieties of
dimension ≤ i and Z ′ → Z is any proper birational morphism.
(4) If X is regular then elw(X) =
(
χ(X,E)
)
where E runs through all locally
free sheaves on X.
Proof: The K-group of coherent sheaves of dimension ≤ i is generated by the
OZ where Z runs through all integral subvarieties of dimension ≤ i. This implies
(1). If X is regular then locally free sheaves also generate the K-group, giving (4).
Finally (2–3) follow from this, (5.3) and induction on i. 
Lemma 5. Let f : X → Y be a morphism of proper k-schemes and F a coherent
sheaf on X. Then
(1) χ(X,F ) ∈ elwr(Y ) where r = dim f(SuppF ).
(2) If Y is integral and f is generically finite then
χ(X,OX)− deg(X/Y ) · χ(Y,OY ) ∈ elwdimY−1(Y ).
(3) If f is birational then χ(X,OX)− χ(Y,OY ) ∈ elwdimY−1(Y ).
(4) If X,Y are normal and f is birational then
χ(X,OX)− χ(Y,OY ) ∈ elwdimY−2(Y ).
Proof. By the Leray spectral sequence χ(X,F ) =
∑
(−1)iχ(Y,Rif∗F ) and the
latter is in elwr(Y ) where r = dim f(SuppF ), showing (1).
If X,Y are normal and f is birational then dimSuppRif∗OX ≤ dim Y − 2 for
i > 0, thus
∑
i≥1(−1)
iχ(Y,Rif∗OX) ∈ elwdimY−2(Y ), giving (4).
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If Y is integral and f is generically finite then the generic rank of f∗OX equals
the degree of f , thus (2) follows from (3.1) and (3) is a special case. 
Applying (5.1) to all subvarieties we get the following.
Corollary 6. Let f : X → Y be a morphism of proper k-schemes. Then elwi(X) ⊂
elwi(Y ) for every i. 
Corollary 7. Let f : X → Y be a morphism of proper k-schemes and W ⊂ Y a
closed subscheme such that f is an isomorphism over Y \W . Then
elwi(Y ) = elwi(X) + elwi(W ).
Proof. It is clear that elwi(Y ) ⊃ elwi(X)+elwi(W ). Conversely, let Z ⊂ Y be an
integral subvariety. If Z ⊂W then set Z ′ = Z and note that χ(Z ′,OZ′) ∈ elwi(W ).
If Z 6⊂W then let Z ′ be the birational transform of Z in X . Thus χ(Z ′,OZ′) ∈
elwi(X). Using (5.3) we see that elwi(Y ) ⊂ elwi(X) + elwi(W ). 
A more interesting variant of (6) is the following.
Proposition 8. Let f : X 99K Y be a rational map of proper k-schemes. Assume
that X is regular. Then elwi(X) ⊂ elwi(Y ) for every i.
Proof. By induction on i. Let Z ⊂ X be an integral subvariety of dimension
i. By (17) we have a birational morphism Z ′ → Z and a morphism Z ′ → Y .
Thus χ(Z ′,OZ′) ∈ elwi(Y ) and χ(Z ′,OZ′) − χ(Z,OZ) ∈ elwi−1(X) ⊂ elwi−1(Y )
by induction. Thus χ(Z,OZ) ∈ elwi(Y ). 
Corollary 9. For every i, the ELW-index X 7→ elwi(X) is a birational invariant
of proper, regular k-schemes. 
An immediate consequence of (5.1) and (8) is the following quite useful result.
Corollary 10. Let X be a proper, regular k-scheme and g : X 99K Y a map. If
χ(X,OX) 6∈ elwr(Y ) then dim g(X) > r. 
For i = dimX , the following degree formula is in [Mer00, Zai10, Hau13]. (See
(34) for its precise relationship to the versions given in [Zai10, Hau13].)
Proposition 11. Let f : X 99K Y be a generically finite, rational map of proper
k-schemes of the same dimension. Assume that Y is integral and regular. Then
deg(X/Y ) · elwi(Y ) ⊂ elwi(X) + elwi−1(Y ).
Proof. Let Z ⊂ Y be an integral subvariety of dimension i. By (18) we have a
generically finite morphism Z ′ → Z of degree d and a morphism Z ′ → X . Thus
χ(Z ′,OZ′) ∈ elwi(X) by (5.1) and χ(Z ′,OZ′)−deg(X/Y )·χ(Z,OZ ) ∈ elwi−1(Y ) ⊂
elwi−1(Y ) by (5.2). Thus deg(X/Y ) · χ(Z,OZ) ∈ elwi(X) + elwi−1(Y ). 
Corollary 12. Notation and assumptions as in (11). Fix a prime ℓ such that
ordℓ elwi−1(Y ) > ordℓ elwi(Y ) and ℓ6 | deg(X/Y ).
Then ordℓ elwi(X) = ordℓ elwi(Y ). 
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Cycle class map.
The ELW-indices determine how far the Euler characteristic is from being linear
on the Chow groups.
Definition 13. For an algebraic cycle Z =
∑
i aiZi ⊂ X set
χ(Z) :=
∑
iaiχ(Zi,OZi) and χ(Z¯) :=
∑
iaiχ(Z¯i,OZ¯i),
where Z¯i → Zi denotes the normalization.
IfW ⊂ X is an integral subvariety of dimension r then χ(W¯ ,OW¯ )−χ(W,OW ) ∈
elwr−1(X) by (5.3). Thus
χ(Z¯)− χ(Z) ∈ elwdimZ−1(X).
Proposition 14. Let Br(X) denote the group of r dimensional cycles in X modulo
algebraic equivalence. Then Z 7→ χ(Z) and Z 7→ χ(Z¯) define the same well-defined
linear map
χ : Br(X)→ elwr(X)/ elwr−1(X).
Proof. Two r-cycles Z1, Z2 are algebraically equivalent if there are
(1) an irreducible, nonsingular curve C with two points p1, p2 ∈ C(k),
(2) a flat and proper morphism g :W → C,
(3) a morphism π :W → X and
(4) an effective r-cycle Zc such that π∗
[
g−1(pi)
]
= Zi + Zc for i = 1, 2.
Set W i := g−1(pi) and let W
i
j ⊂W
i be the irreducible components with multiplic-
ities mij . By (3.1)
χ
(
W i,OW i
)
−
∑
jm
i
j · χ
(
W ij ,OW ij
)
∈ elwr−1(W )
for i = 1, 2. Furthermore, by (5.2) χ
(
π∗[W
i
j ]
)
− χ
(
W ij
)
∈ elwr−1(X). Therefore
χ
(
Zi
)
+ χ
(
Zc
)
−
∑
jm
i
j · χ
(
W ij ,OW ij
)
∈ elwr−1(X).
Finally χ
(
W 1,OW 1
)
= χ
(
W 2,OW 2
)
since g is flat. 
Example 15. Let Qn ⊂ Pn+1 be the (empty) quadric (x20 + · · · + x
2
n+1 = 0)
over R. Note that the quadric Q2 is isomorphic to the product Q1 × Q1. Let
C2, C4 ⊂ Q1 ×Q1 be rational curves of bidegrees (1,1) (resp. (1,3)).
Both of these can be viewed as curves in Q3 since Q2 ⊂ Q3. The cycles C4 and
2 · C2 have the same degree, hence they are algebraically equivalent over C.
However, they are not algebraically equivalent over R since χ(C4) = 1 but
2χ(C2) = 2.
Remark 16 (ML). This shows that F 7→ χ(X,F ) ∈ Z/ elwdimF−1(X) can be
viewed as the image of the push-forward map from the connective algebraic K-
theory of X to the base-field. This is given by taking CKq(X) to be the image of
K0(M
q(X)) in K0(M
q−1(X)), where M q(X) is the category of coherent sheaves
on X with support in codim at least q. This theory was first defined by [Cai08].
[DL12] shows that CK∗ is the universal theory with formal group law u+v−buv ∈
Z[b][[u, v]].
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2. The Nishimura–Szabo´ lemmas on rational correspondences
[Nis55] proved that if a regular k-scheme has a k-point then any proper k-scheme
birational to it also has a k-point. Around 1992 Endre Szabo´ found a new short
argument. (The proof is reproduced in [KS00, Prop.A.6] and [KSC04, p.183].)
Another application of the method was also used in [KS00]; its generalization (18)
is needed to prove the degree formula (11).
Lemma 17. Let f : X 99K Y be a rational map of proper k-schemes. Let Z ⊂ X
be a closed, integral subscheme that is not contained in SingX. Then there is a
birational morphism Z ′ → Z such that there exists a morphism f ′Z : Z
′ → Y .
We make no claim about f ′Z beyond its existence. In particular, it can be a
constant map. Thus (17) is interesting only if Y is not known to have a k-point.
Proof. By induction on dimX . If dimX ≤ dimZ + 1 then f is defined at the
generic point of Z, hence we can take Z ′ to be the closure of the graph of f |Z .
If dimX > dimZ + 1, take the blow-up BZX → X and let EZ ⊂ BZX be the
unique irreducible component of the exceptional divisor that dominates Z. Note
that EZ → Z is generically a projective space bundle, hence it has a rational
section Z1 ⊂ EZ that maps birationally to Z. Note that f gives a rational map
fE : EZ 99K Y . Induction gives a birational morphism Z
′
1 → Z1 → Z and a
morphism Z ′1 → Y . 
The following is a variant of [KS00].
Lemma 18. Let f : X 99K Y be a generically finite, rational map of proper k-
schemes of the same dimension. Assume that Y is integral. Let Z ⊂ Y be a closed,
integral subscheme that is not contained in Sing Y . Then there are
(1) a reduced, proper k-scheme Z ′,
(2) a generically finite morphism Z ′ → Z such that deg(Z ′/Z) = deg(X/Y )
and
(3) a morphism Z ′ → X.
Proof. By induction on dimY .
Replacing X by the normalization of the closure of the graph of f , we may
assume that X is normal and f : X → Y is a morphism.
If dim Y ≤ dimZ + 1 then f is finite over the generic point of Z. Let Zi ⊂ X
be the irreducible components of f−1(Z) that dominate Z and ei the ramification
index of f along Zi. Then deg(X/Y ) =
∑
i ei deg(Zi/Z), thus we can take Z
′ to
be the disjoint union of ei copies of Zi for every i.
If dimY > dimZ + 1, take the blow-up BZY → Y and let EZ ⊂ BZY be the
unique irreducible component of the exceptional divisor that dominates Z. Note
that EZ → Z is generically a projective space bundle, hence it has a rational section
Z1 ⊂ EZ that maps birationally to Z.
ReplaceX by the by the normalization of the closure of the graph ofX 99K BZY .
Let Fi ⊂ X be the irreducible components of f−1(EZ) that dominate EZ and ei the
ramification index of f along Fi. By induction, there are Z
′
1i → Z1 and morphisms
Z ′1i → Fi → X . Thus we can take Z
′ to be the disjoint union of ei copies of Z
′
1i for
every i. 
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Remark 19. The computations of [Wit13, Lem.5.3] show that the above results
also hold if the ambient variety has quotient singularities at the generic point of Z
and k(Z) is perfect. (For dimZ > 0 this restricts us to characteristic 0.)
Here quotient singularity is understood in the strong sense: it should be Zariski
locally a quotient of a regular scheme. The analogous assertion is not true for
singularities that are quotients only e´tale locally. For instance, take X = (x2 +
y2 + z2 = 0) ⊂ A3
R
and Z = (0, 0, 0). After blowing up the origin, we get a surface
with no real points. On the other hand, over C the singularity is isomorphic to
C2/(u, v) ∼ (−u,−v).
3. Examples
Proposition 14 makes it relatively easy to compute the ELW-indices when gen-
erators of the groups Br(X) are known.
Example 20 (ML). Let p be a prime and X a nontrivial Severi–Brauer variety of
dimension p− 1. Then
elw0(X) = · · · = elwp−2(X) = p and elwp−1(X) = 1.
To see this note that a Severi–Brauer variety of dimension n− 1 has an (effective)
0-cycle of degree n and it has a 0-cycle of degree 1 iff it is trivial. Thus elw0(X) = p.
At the other end, χ(X,OX) = 1 shows that elwp−1(X) = 1. Thus the only question
is when elwi drops from p to 1. Assume that elwi−1(X) = p.
Let K/k be a splitting field of degree p and LK ⊂ XK a linear subspace of
dimension i. Let L1, . . . , Lp be its conjugates over k. Then Z := L1 + · · · +
Lp is defined over k and it generates the Chow group Ai(X) if i < dimX . Z
could be singular, but its normalization Z¯ has Euler characteristic χ(Z¯,OZ¯) =
pχ(LK ,OLK ) = p.
By (14), Z 7→ χ(Z¯,OZ¯) ∈ Z/p is a well defined linear map on Ai(X) that
vanishes on the generator of Ai(X). Thus elwi(X) = p.
(OW) notes that this is also a direct consequence of (34).
Next we compute the ELW-indices for certain products of general curves.
Proposition 21. Let k be a field and C1, . . . , Cn smooth, irreducible, projective
curves over k. Assume that
(1) elw0(Ci) ⊂ (m) for every i for some m ≥ 1 and
(2) Pic
(
C1 × · · · × Cn) = π
∗
1 Pic(C1) + · · · + π
∗
n Pic(Cn) where πi denotes the
i-th coordinate projection.
Then elwi
(
C1 × · · · × Cn) ⊂ (m) for i < n.
Proof. Set Xr := C1 × · · · × Cr. The proof is by induction on r.
Let F be a coherent sheaf on Xn. Consider the coordinate projection Πn :
Xn → Xn−1. If dimF ≤ n− 2 then dimΠn(SuppF ) ≤ n− 2, hence, by (5.1) and
induction, χ(Xn, F ) ∈ elwn−2
(
Xn−1
)
⊂ (m).
We are left with the case when dimF = n − 1. By (3.1) it is enough to show
that χ(D,OD) ∈ (m) for every effective divisor D ⊂ Xn. Using the exact sequence
0→ OXn(−D)→ OXn → OD → 0
we are reduced to proving that
χ(Xn, L) ≡ χ(Xn,OXn) mod m
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for every line bundle L on Xn. By assumption (2), there are line bundles Li on Ci
such that L ∼= ⊗iπ∗i Li. Therefore
χ(Xn, L) =
∏
iχ(Ci, Li) =
∏
i
(
χ(Ci,OCi) + degLi
)
.
By assumption (1), degLi ∈ (m) for every i, thus
χ(Xn, L) ≡
∏
i χ(Ci,OCi) = χ(Xn,OXn) mod m. 
In applications the tricky part is to check the condition (21.2). Let us start over
algebraically closed fields.
Lemma 22. Let Yi be normal, irreducible, proper varieties over an algebraically
closed field k. The following are equivalent.
(1) Pic
(
Y1 × · · · × Yn) = π∗1 Pic(Y1) + · · ·+ π
∗
n Pic(Yn) where πi denotes the ith
coordinate projection.
(2) For i 6= j, every morphism Yi → Pic(Yj) is constant.
(3) For i 6= j, every morphism Pic0(Yi)→ Pic
0(Yj) is constant. 
The above conditions hold if the Pic0(Yi) are sufficiently general and indepen-
dent, but they may be hard to check in concrete situations. Consider the case when
Yi = Ci are smooth curves. For very general curves Pic
0(Ci) is a simple Abelian
variety; see [Mor76, Mor77, Zar00, Zar04] for explicit examples over Q. Hence
if, in addition, the Ci all have different genera, then (22.3) holds. The same for
sufficiently general and independent curves of the same genus > 0.
Over arbitrary fields, an extra complication comes from the Brauer group.
23 (Map to the Brauer group). Let Y be normal, irreducible, proper variety over
a perfect field k with algebraic closure k¯. Let L be a line bundle on Yk¯ that is
isomorphic to its Galois conjugates. Equivalently, [L] ∈ Pic
(
Yk¯
)
(k). If the linear
system |L| is nonempty, then, as a subscheme of Hilb(Y ); it is defined over k and is
isomorphic to a projective space over k¯. Thus |L| defines an element of the Brauer
group Br(k). This gives an exact sequence
Pic(Y )→ Pic
(
Yk¯
)
(k)
brY−→ Br(k).
(See [BLR90, Chap.8] for a more conceptual construction.) It is clear that if [Li] ∈
Pic
(
(Yi)k¯
)
(k) then
br∏Yi
(
⊗iπ
∗
i Li
)
=
∑
i brYi
(
Li).
Lemma 24. Let Y1, . . . , Yn be normal, irreducible, proper varieties over a perfect
field k. Assume that they satisfy the equivalent conditions (22.1–3) over k¯. The
following are equivalent.
(1) Pic
(
Y1 × · · · × Yn) = π∗1 Pic(Y1) + · · ·+ π
∗
n Pic(Yn).
(2) The subgroups im
[
brYi : Pic
(
(Yi)k¯
)
(k)→ Br(k)
]
are independent in Br(k).
(Subgroups Ai of an Abelian group A are independent if ai ∈ Ai and
∑
ai =
0 implies that ai = 0 for every i.) 
Example 25 (Products of conics). Let Ci ⊂ P
2 be plane conics over a perfect field
k. Set Yn = C1 × · · · × Cn. The image of brCi equals the subgroup generated by
Ci in Br(k). Thus we see that the following are equivalent.
(1) elwn−1(Yn) ⊂ (2) and
(2) the classes [Ci] ∈ Br(k) are nonzero and independent.
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If we are over Q then any finite collection of conics has a point in a quadratic
extension. Thus we obtain the following.
Set Ci := (x
2+y2 = piz
2) where the pi are distinct primes congruent to 3 modulo
4 and Yn := C1 × · · · × Cn. Then
elw0(Yn) = · · · = elwn−1(Yn) = (2) and elwn(Yn) = (1).
Example 26 (Products of hyperelliptic curves). We work over the field k = C(t).
A hyperelliptic curve over k is given by an equation
C :=
(
z2 = f(x, y)
)
⊂ P2(1, 1,m)
where f(x, y) ∈ C(t)[x, y] is homogeneous of degree 2m. We will look at it as a
cover of P1×P1 where A2 (with coordinates t, x/y) is an affine chart. Thus we have
a double cover π : S → P1 × P1 with branch curve B ⊂ P1 × P1. For very general
S,
π∗ Pic
(
P1 × P1
)
→ Pic(S) is an isomorphism;
see [Bui83, RS09]. This implies that, for very general f , Pic(C) = Z
[
π∗OP1(1)
]
. In
particular, if m is odd then elw0(C) = 2 and elw0(C) = 1.
For stronger examples over Q, see [Zar06, Zar10].
Note that Pic(C) can be viewed as the generic fiber of the family of the Picard
varieties of the fibers of p1 ◦ π : S → P1 where p1 is the first coordinate projection
of P1 × P1. The singular fibers correspond to the branch points of p1 : B → P1.
Let us now choose our curves Ci such that the branch points of the corresponding
p1 : Bi → P
1 are all different. Then the different Pic0(Ci) satisfy the condition
(22.3). The Brauer group of C(t) is trivial. Thus if Yn := C1 × · · · × Cn is the
product of such generic curves then
elw0(Yn) = · · · = elwn−1(Yn) = (2) and elwn(Yn) = (1).
Example 27 (Products of real curves). Let C be a geometrically irreducible
smooth real curve. The interesting case is when C has no real points and even genus.
Equivalently, when elw0(C) = (2) and elw1(C) = (1). Note that Br(R) = Z/2 and
the Brauer map brC : Pic
(
CC
)
(R) → Br(R) = Z/2 is surjective, essentially by a
result that goes back to [Wit34] (see also [DK76]). Thus we see that for any product
Yn of such curves we have
elw0(Yn) = (2) and elw1(Yn) = · · · = elwn(Yn) = (1).
4. The sequence of ELW-indices
There are several general questions about the ELW-indices that should be ex-
plored. Esnault asks about all possible sequences elw0(X), . . . , elwdimX(X).
Definition 28. Let µ(Tdn) denote the denominator appearing in the Todd class
in dimension n. By [Hir56, 1.7.3], it is
µ(Tdn) =
∏
p p
[n/(p−1)] where p ≤ n+ 1 is a prime. (28.1)
The sequence starts as µ(Td1) = 2, µ(Td2) = 12, µ(Td3) = 24, µ(Td4) = 720.
Note that µ(Tdn) is very close to n!. Indeed, we can rewrite the formula as
µ(Tdn) =
∏
p p
[n
p
+ n
p2
+··· ]
while n! =
∏
p p
[n
p
]+[ n
p2
]+···
.
Each µ(Tdn) divides any later µ(Tdm). There is also the more delicate relation
n! · µ(Tdm)
∣∣ µ(Tdn+m−1). (28.2)
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Without much evidence, let me propose the following.
Problem 29. Let e0, . . . , en be a sequence of natural numbers. Then there is a field
k and a k-scheme (or smooth k-variety) X of dimension n such that elwr(X) = (er)
for every r iff the following hold.
(1) er+1|er for every r and
(2) e0|µ(Tdr) · er for every r.
Next we discuss some evidence supporting the above formulation of (29). The
necessity of er+1|er follows from (1.2). The divisibility e0|µ(Tdr) · er is more subtle
and I do not know a complete proof.
Lemma 30. Let X be a proper k-scheme over a field of characteristic 0. Then
µ(Tdr) · elwr(X) ⊂ elw0(X). (30.1)
Proof. If W is smooth, proper and of dimension r then Riemann–Roch says that
µ(Tdr) · χ(W,OW ) is a polynomial in the Chern classes. In particular, W has a
0-cycle of degree µ(Tdr) · χ(W,OW ).
By (4.3), elwr(X) is generated by the χ(Z
′,OZ′) where Z runs through all
integral subvarieties of dimension ≤ r and Z ′ → Z is any resolution. 
The only missing ingredient in positive characteristic is resolution of singularities.
The method of [ELW12] shows that one can use de Jong’s alterations [dJ96, dJ97]
(in the stronger form proved by Gabber, cf. [ILO12, Exp.IX]) to prove that (30.1)
holds in Z[p−1].
A more interesting part of (29) is the claim that there are no additional relations
between the elwi. I do not even have a plausible argument, but the following
example suggests that, for n = dimX , there should not be any relations between
elwn(X) and elwn−1(X) in general.
Example 31. Let X be a smooth projective variety of dimension n such that
Pic(X) = Z[H ] and the intersection number (C · H) is divisible by m · µ(Tdn−1)
for some fixed number m for every curve C ⊂ X . Such examples are K3 surfaces
(where m = (H2)/2 can take any value) or hypersurfaces of very high degree in P4
[Kol92].
By Riemann–Roch, χ(X,L)−χ(X,OX) is divisible by m for any line bundle L,
thus m | χ(D,OD) for every divisor D ⊂ X . Thus (5.2) implies that
elwn−1(X) ⊂
(
elwn−2(X),m
)
.
Although I do not know if there are further relations between elwn(X) and elwn−2(X),
the above computations suggest that once elwn(X) and elwn−2(X) are set, elwn−1(X)
could be any ideal satisfying elwn(X) ⊃ elwn−1(X) ⊃ elwn−2(X).
An extreme case of (29) would be the following.
Problem 32. Find n-dimensional smooth, projective varieties such that elw(X) =
1 yet elwi(X) =
(
µ(Tdn)
)
for 0 ≤ i < n.
The higher dimensional examples of [Kol92] are not convincing for the current
purposes, but the following should be possible to prove.
Problem 33. Given e0, e1, e2, there is K3 surface S over any field (or even over
Q) such that elwr(S) = (er) for r = 0, 1,
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(1) e2 | e1 | e0
(2) e2 = gcd(2, e1)
(3) e0 | 12e2 and e0 | 2e1.
Another case when (30.1) is known connects our index formula (11) with the
version in [Hau13]. The proof given in [Hau13] relies on [Mer02]; the claim also
follows from properties of the numbers µ(Tdr).
Lemma 34. Let X be a proper, nonsingular variety of dimension n. Then
µ(Tdn−1) · elwn−1(X) ⊂ elw0(X).
Proof. Let F be a coherent sheaf of dimension ≤ n − 1 on X . Since X is
nonsingular, there are two vector bundles E1, E2 such that [F ] = [E1] − [E2] in
K0(X). Thus, by Riemann–Roch,
χ(X,F ) =
∫
X
ch(E1) · td(TX)−
∫
X
ch(E2) · td(TX).
Since rankE1 = rankE2, the terms rankE1 · tdn(TX) and rankE2 · tdn(TX) cancel
each other.
All other terms have denominators dividing (n−r−1)!·µ(Tdr) for some r ≤ n−1.
By (28.2) these all divide µ(Tdn−1). 
5. ELW-indices for special fields
We consider various fields for which the sequences elw0(X), . . . , elwdimX(X) are
special for all schemes, or at least for certain interesting classes of varieties.
Finite fields.
The following is proved in [Wit13].
Proposition 35. Let X be a proper scheme over a finite field k. Then
elw0(X) = · · · = elwdimX(X) =
(
h0(Z¯,OZ¯) : Z ⊂ X and Z is integral
)
. 
The proof is a combination of two lemmas.
Lemma 36. Let X be a proper k-scheme. Then
elw(X) ⊂
(
h0(Z¯,OZ¯) : Z ⊂ X and Z is integral
)
,
where Z runs through all closed, integral subschemes of X and Z¯ → Z denotes the
normalization.
Proof. Let W be a proper, integral scheme and F a coherent sheaf over W .
Then Hi(W,F ) is a vector space over the field H0(W,OW ), hence its dimension is
divisible by h0(W,OW ). Thus χ(W,F ) is divisible by h0(W,OW ). Applying this to
W = Z¯ we get that each χ(Z¯,OZ¯) is contained in
(
h0(Z¯,OZ¯) : Z ⊂ X
)
. By (4.2)
this implies our claim. 
Lemma 37. Let W be a proper, normal, integral variety over a finite field k. Then
elw0(W ) = h
0(W,OW ).
Proof. Assume first that h0(W,OW ) = k. Then W is geometrically integral. If
dimW = 1 then by Weil there are points in any large enough field extension; take
two whose degrees are relatively prime.
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If dimW > 1 then use Bertini to get a geometrically integral hyperplane sec-
tion. More precisely, such hyperplane sections exists over any large enough field
extension; take two whose degrees are relatively prime.
In general, set K = H0(W,OW ). After base change to K, the irreducible com-
ponents Wi ⊂ WK are geometrically integral. Thus there is a 0-cycle Z1 ⊂ W1 of
degree 1. The sum of its conjugates gives a 0-cycle of degree dimkK on W . 
Henselian fields with algebraically closed residue fields.
One of the main questions proposed and investigated in [ELW12] is the following.
Conjecture 38. Let K be the quotient field of an excellent, Henselian DVR with
algebraically closed residue field k. Let X be a proper K-scheme. Then
elw0(X) = elw1(X) = · · · = elwdimX(X). (38.1)
The conjecture is almost proved in [ELW12].
Theorem 39. Let K be the quotient field of an excellent, Henselian DVR with
algebraically closed residue field k. Let X be a proper K-scheme. Then
(1) If chark = 0 then elw0(X) = · · · = elwdimX(X).
(2) If chark = p > 0 then elw0(X) = · · · = elwdimX(X) holds in Z[p−1].
The key step is the following.
Lemma 40. Let R be a Henselian DVR with quotient field K and algebraically
closed residue field k. Let XR be a proper, regular R-scheme with generic fiber XK .
Then χ(XK ,OXK ) ∈ elw0(XK).
Proof. Write X0 =
∑
i∈I miX
i
0. If r|mi for every i then set Zr :=
∑
(mi/r)X
i
0.
Note that
OX(−iZr)
r|Zr ∼= OX(−irZr)|Zr ∼= OZr .
ThusOX(−iZr)|Zr is numerically trivial, hence χ
(
Zr,OX(−iZr)|Zr
)
= χ
(
Zr,OZr
)
.
Therefore
χ(XK ,OXK ) = χ(X0,OX0) =
∑r
i=1χ
(
Zr,OX(−iZr)|Zr
)
= rχ
(
Zr,OZr
)
.
This implies that χ(XK ,OXK ) ∈ (mi : i ∈ I). We conclude by noting that through
a general point of X i0 there is a multi-section of degree mi. 
Real closed fields.
For any scheme X over R, elw0(X) = 1 iff X(R) 6= ∅. Otherwise elw0(X) = 2.
Thus the only question is when the sequence elwi drops form 2 to 1.
Example 41. Let π : S → P2 be a double cover ramified along a curve of degree
2d. Let H denote the pull-back of a line in P2. Then π∗OS ∼= OP2 +OP2(−d), thus
χ(S,OS) = 1 +
(d−1)(d−2)
2 and KS ∼ (d− 3)H.
If C ∼ rH is a curve in S then
χ(C,OC) = r(r + d− 3)
(H2)
2 = r(r + d− 3).
Thus if S(R) = ∅, d ≡ 2 mod 4 and Pic(S) = Z[H ] then
elw0(S) = 2, elw1(S) = 2, elw2(S) = 1.
Such surfaces can be obtained as small perturbations of
S0 :=
(
x12 + y12 + z12 + w2 = 0
)
⊂ P3(1, 1, 1, 6).
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Probably there are similar higher dimensional examples. It is, however, quite
difficult to understand all subvarieties of codimension ≥ 2 of a given variety. I do
not know how to compute the ELW-indices for higher dimensional hypersurfaces.
Question 42 (OW). Let X be a smooth rationally connected variety over R. Is
elw1(X) = 1?
It is known that if X is rationally connected and X(R) 6= ∅ then it contains
a rational curve [Kol99, 1.7]. It is conjectured that X contains a geometrically
rational curve even if X(R) = ∅; see [AK03, Rem.20]. (42) is a weaker variant of
it. This is closely related to the conjecture that the function field of the empty real
conic is C1; see [Lan53, p.379].
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